AP Calculus
2.1 - Limits

Let’s have a look at the graph of: :
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Informal definition of a limit:
The limit of a function is the y-value that the function approaches when the x-value gets closer and closer to a certain value (from both sides when relevant). 

Note:  is not a real number. Therefore, when the limit equals  we consider that the limit doesn’t exist, however, the information describes well the behaviour of the function.

Formal definition of a limit at a finite point:
Let  be a function defined on an open interval that contains a value a, except possibly at a.
Then, we say that			  
if for every number  , there is some number  such that:  


Graphically, it means: 
[image: ]
We can determine limits by looking at a graph or by working on the equation…

Examples: 
1) 
[image: ]

2)
Let , determine 




One sided limits: 
Sometimes, the function doesn’t approach the same value from the right side and from the left side…
[image: ]
In that case, we consider that the limit as x approaches c doesn’t exist. 
However, we can still describe this behavior by writing:
[image: ]
[image: ]

Example: Let 
	
[image: ]
 	 [image: ]
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Examples: Investigate the existence of the following limits:
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
Graph it on your calculator…







Determining limits from equations:
Usually, to determine limits, we start by trying to substitute the value directly and see what we get by using the intuitive rules:
[image: ]

Examples:
[image: ]
However, when we are dealing with limits that equal 0 or ,we sometimes get what we call: indeterminate forms like:          

Examples:
1) 		2) 	3) 		4) 

In those cases, we can’t conclude with a direct substitution. You need to find a way to transform the expression to know “who wins” … 
The answer can be a number, 0,  or DNE (does not exist)


1) 



2) 




3) 











4) 







Note: - It is important to always write the word lim in front of your expression as long as there still are some variables left. If you want to work on transforming the expression, you can start a different line and not write lim anywhere… until you take the limit.
- When an expression approaches 0, depending if it’s coming from the right or the left, the “not 
quite 0” has a different sign. Therefore, in a “  ” type of limit, you need to determine if it’s a “positive” zero or a “negative” zero to conclude about a + or a - .

More examples:
5) 






6) 





7) 







Famous limit to remember:  	                It is also true for any power of x. 

An exponential functions grows much faster than any polynomial function…

Another “famous limit that you need to remember is: 			 
 										
It is actually more general than that and you can remember that:  		
 											[image: ]
Examples: 
1) 



2) 



3) 





Sometimes, we canʼt work directly on the function. Another option would be to use the squeezing theorem (or sandwich theorem):
[image: ]

Examples:
1) proof of  (ask for worksheet)
2) Prove that 












Hwk: worksheet
 	+ textbook p 65 # 1 – 10; p 66 # 5 – 44; 51 – 62; 65 – 74 

2.2 – Limits involving infinity

In this section, we continue to investigate limits when x approaches infinity (it can be done from one side only) and also when the function approaches infinity as x approaches a certain value.
These situations are linked with the concepts of asymptotes:
[image: ]
[image: ]

We already have mentioned the indeterminate forms like:  
        

And we remember that in a “  ” type of limit, you need to determine if it’s a “positive” zero or a “negative” zero to conclude about a + or a - .

Limits as x approaches infinity:

We have learned in chapter 9 that when the function is a rational function, its end behavior as x approaches infinity is the same than the end behavior of its leading term…

Applications:
a) 



b) 



c) 



Note: This is only true as x approaches infinity!!
When determining limits towards infinity involving non-rational functions, you can try to use “direct substitution”, and if it’s indeterminate the squeezing theorem or try to factor the strongest term…
Examples:
1) 





2) 





3) 




Infinite limits as x approaches a:
Examples:
Determine the vertical asymptotes of each function and describe the function’s behavior around it.
a) 



b) 






c) 





Hwk: worksheet + p 76 # 1 – 54;
2.3 – Continuity

[image: ]
Continuity at a point c: 
A function f is continuous at a point c iff:
 							[image: ]

Example: Determine if h is continuous at 1.
 		[image: ]

Note: This definition assumes that c is not an end value of a closed domain…we can easily see what it would be for the end values… (one sided limit available only…)

Continuity of a function: 
A function is called continuous if it is continuous at every point in its domain.

Examples: Determine if the following functions are continuous or not.
[image: ]







Examples: Determine the value of the constant a or k so that the following functions are continuous on their domain.
[image: ] 				[image: ]











Properties of Continuous functions:
1) If f and g are continuous at x = c, then the following combinations are continuous at x = c:
a) sums: 			
b) Difference: 			
c) Products: 			
d) Constant multiples: 		      for any number k
e) [image: ]Quotients  : 		      provided that  

2) If f is continuous at c and g is continuous at f(c), then the composite  is continuous at c.

Example: Show that  is continuous











[image: ]
[image: ]

[image: ]

[image: ]

Example: Let . Verify that the Intermediate Value Theorem applies to the interval 
and explain why the IVT guarantees an x-value of c where .















Hwk: worksheet + textbook p 84 # 1 – 36; 47 – 50;
2.4 – Rates of Change and Tangent Lines

Calculus will be used a lot for optimization. When given a curve, it is going to be important to see “how fast” the curve is increasing or decreasing. For a straight line, this information is given by the slope, but for a curve, it’s not as clear…

The idea is to consider that the curve is best approximated at a point by its tangent line at this point.
 				[image: ]

There is no good geometric definition of a tangent line to a curve at a certain point. We usually say that it’s the best linear approximation of the curve at this point, and that it touches the curve only once around the point of tangency, but it’s not rigorously true…
 			
In order to determine the equation of a tangent line at a certain point P on a curve, we need to determine its slope. 

The slope of a tangent line of a curve is the limit of the slopes of the secant lines close to that point…
[image: ]

The slope of the tangent line of a curve  at a point  is the number:

 						  

Provided the limit exists…

Your goal is to simplify this quotient until you have cancelled algebraically the h on the denominator in order to determine the limit…

Examples:
a)   slope of the tangent line at point .

[image: ]


b)   slope of the tangent line at point .

[image: ]



If the limit doesn’t exist, it can be because the curve has a vertical tangent line or because the function isn’t continuous at that point or if there is a corner.
[image: ]

Types of graphs that have a vertical tangent line:    Graphs with a corner (no tangent line at that pt) 
[bookmark: _GoBack][image: ]          [image: ]		[image: ]
Important connection: Average and Instantaneous velocity:
[image: ]
[image: ]
[image: ]


Hwk: worksheet 2.1 # 3, 4, 5, 16 - 2.4 # 11

Normal line to a curve:
[image: ]

Reminder: Two lines are perpendicular if their slopes are opposite reciprocals…

Example: Let  
[image: ]





Fleur Marsella – FH Collins 		Page 2 of 2

image4.png




image5.png
lim £ (x) = .. “the limit of(x) as x pproaches ¢ from the rightis L”

Jim £ (x) = K .. “thelinit of /() as  approaches ¢ from the left is K™
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‘Thus, we can say that the limit of a function as x approaches any number ¢ exists if and only if the limit as x approaches ¢
from the right is equal o the limit as x approaches ¢ from the left. Using limit notation we have.

7 (2) exists <> fim 7 ()= bm /()
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) Graph /()

b) Find i £ (x).

<) Find fim / (x)

&) What can you say about iy 7 (x)?
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When Limits Do Not Exist

1f there does not exist a number I satsfying the condition in the definition, then we say the lim f (x) does not exist.
| Limits typically fail for three reasons:

1. /(x) approaches a different mumber from the right side of ¢ than it approaches from the left side.

2. 7(x) increases or decreases without bound as x approaches c.

3. /() oscillates between two fixed values as x approaches c.
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‘Let b and c be real numbers, let 1 be a positive integer, and let fand g be functions with the following limits.
limf(x)=L and limg(x)=K

lmb=b fmx=c fim[ £ (x)£g(x)]=L£K
il (x)-g()] =25 i[5/ ()] =52 il (] -7
provided rand s are integers and 50
i L iseax 20
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The Sandwich Theorem
If g(x) < /(x) <h(x) forall xc in some interval about c, and
limg (x) =lim(x)=L.

then.
/(=1

In other words, if we “sandwich” the function  between two other functions g and J that both have the same limit as x
approaches c, then f is “forced” to have the same limit too.
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Definition: Horizontal Asympiote.
The line = bis a horizontal asymptote of the graph of a function y =/ (¢ ifeiher

W= o Imsx)=p
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‘Defintion: Vertcal Agymptote
“The line x=ais a vertical asymptote of the graph of fnctiony = @) feiter
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‘I non— technical terws, a fanction is continuous if you can draw the finction “without ever lifting your pencil”. THIS IS
'NOT A DEFINITION YOU SHOULD USE AFTER TODAY!!! The following graphs demonsirat tree fypes of
discontimious graphs.

L/

- .

Discontinities: Removable versus Non-Removable.

y y

Tosay s imctonis diontiuou ot st W wold ke ks it ypeof dicontiity et e
function s not contimious, but T could make it contimious| (€. then we say that
a2 renovable dscontanity: Ofhrwis,we 2y 125 3 i emovabe discontiniy

‘Once again,nformally we saytat s a removsbl discontmiyiftere i a“hole” i the fiction, but f has a on-
removable discontimuty f here s 3 " or & vertcal asympote.

Exanple I: Which (f any) ofthe three graphs above have a removable discontimity?

Example 2 Find the points inervals) at which the finction below i contimious, and the points at which itis
discontimous.

’ N
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The Intermediate Vale Theorem (VT)
1 is contimuous o the closed interval s, b] then  takes on every value befiween (a) and /&)
‘Suppose s any mumber between /(a) and 5), then there i a least ome mumber  n a, b]such that /(0)=k.
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£: The Intermediate value theorem tells you that at least one ¢ exists, but it does not give you a method for finding c.
This theorem i an example of an existence fheorem.
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In the Intermediate Value Theorem
) What re the necessary requirements in order to apply this theoremm?

) kis on which axis?

©) cis on which axis?
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the vertical line, x = a is a vertical tangent line to the graph of /.
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In pre — calculus courses, you used the formula d = 11 to determine the speed of an object. What you found was the object’s
average speed. A moving body’s average speed during an interval of time is found by dividing the total distance covered
by the clapsed time. (Speed is always positive ... Velocity indicates dircction and can be negative,) We are going to find
the average velocity.
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Ifan object is dropped from an initial height of Ao, we can use the position function s (1) = 167 + hy to model the height, s,
(in feet) of an object that has fallen for f seconds.
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Example I: Wile E. Coyote, once again trying to catch the Road Runner, waits
for the nastily speedy bird atop a 900 foot cliff. With his Acme Rocket Pac
strapped to his back, Wile E. is poised to leap from the cliff, fire up his rocket
pack, and finally partake of a juicy road runner roast. Seconds later, the Road
Runner zips by and Wile E. leaps from the cliff. Alas, as always, the rocket
malfunctions and fails to fire, sending poor Wile E. plummeting to the road
below disappearing into a cloud of dust

a) What is the position function for Wile E. Coyote?

b) Find Wile E.’s average velocity for the first 3 seconds.

©) Find Wile E.’s average velocity between ¢ = 2 and ¢ = 3 seconds.

d) Find Wile E.’s velocity at the instant ¢ = 3 seconds.
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Normal Line

‘The normal line to a curve at a point i the line perpendicular to the tangent at that point.
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a) Find the slope of the curve atx = a.

b) Find the slope of the curve at x =2

©) Wite the equation of the tangent line to the curve at x= 2.

d) Write the equation of the normal line to the curve at v =2,
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Use the graph to find limg (x)  where g is defined as
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