CHAPTER 3 - REVIEW
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What Is a Polynomial Function?

A polynomial function has the form f(x) = a,x" + a, _ . x"' + @, ,X" 2 + -+ + a,x* + a)x + q,
where

* nis a whole number

X is a variable

the coefficients g, to a, are real numbers

the degree of the polynomial function is 7, the exponent of the greatest power of x

the leading coefficient is a,, the coefficient of the greatest power of x

the constant term is a,

Types of Polynomial Functions

Constant Function Linear Function Quadratic Function

Degree 0 Degree 1 Degree 2
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Graphs of Odd-Degree Polynomial Functions

« extend from quadrant III to quadrant I
when the leading coefficient is positive,
similar to the graph of y = x

« extend from quadrant II to IV when the
leading coefficient is negative, similar to the
graph of y = —x

have at least one x-intercept to a maximum of
function

have y-intercept a,, the constant term of the function
have domain {x | x € R} and range {y | y € R}
have no maximum or minimum values

Graphs of Even-Degree Polynomial Functions

« open upward and extend from quadrant IT
to quadrant I when the leading coefficient
is positive, similar to the graph of y = x?

n x-intercepts, where # is the degree of the

» open downward and extend from quadrant
111 to IV when the leading coefficient is
negative, similar to the graph of y = —x?

have domain {x
function
have a maximum or minimum value

have from 0 to a maximum of n x-intercepts, where  is the degree of the function
have y-intercept a,, the constant term of the function
x € R}; the range depends on the maximum or minimum value of the
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KEY IDEAS

Long Division P(x) R
You can use long division to divide a polynomial by a binomial: y=7; = Q(x) + ¥=43

The components of long division are

* the dividend, P(x), which is the polynomial that is being divided

* the divisor, x - a, which is the binomial that the polynomial is divided by

* the quotient, Q(x), which is the expression that results from the division

* the remainder, R, which is the value or expression that is left over after dividing

To check the division of a polynomial, verify the statement P(x) = (x —a)Q(x) + R.

Synthetic Division
* a short form of division that uses only the coefficients of the terms
« it involves fewer calculations

Remainder Theorem

* When a polynomial P(x) is divided by a binomial x — a, the remainder is P(«).
* If the remainder is 0, then the binomial x — « is a factor of P(x).

* If the remainder is nor 0, then the binomial x — a is not a factor of P(x).
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Factor Theorem

The factor theorem states that x — a is a factor of a polynomial P(x) if and only if P(a) = 0.
If and only if means that the result works both ways. That is,

* if x—ais a factor then, P(a) = 0

* if P(a) = 0, then x — a is a factor of a polynomial P(x)

Integral Zero Theorem

* The integral zero theorem describes the relationship between the factors and the constant term
of a polynomial. The theorem states that if x —a is a factor of a polynomial P(x) with integral

coefficients, then a is a factor of the constant term of P(x) and x = a is an integral zero of P(x).

Factor by Grouping
* If a polynomial P(x) has an even number of terms, it may be possible to group two terms at a

time and remove a common factor. If the binomial that results from common factoring is the
same for each pair of terms, then P(x) may be factored by grouping.

Steps for Factoring Polynomial Functions

To factor polynomial functions using the factor theorem and the integral zero theorem,
* use the integral zero theorem to list possible integer values for the zeros

* next, apply the factor theorem to determine one factor

* then, use division to determine the remaining factor

* repeat the above steps until all factors are found
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Sketching Graphs of Polynomial Functions

* To sketch the graph of a polynomial function, use the x-intercepts, the y-intercept, the
degree of the function, and the sign of the leading coefficient.

 The x-intercepts of the graph of a polynomial function are the roots of the corresponding
polynomial equation.

 Determine the zeros of a polynomial function from the factors.

* Use the factor theorem to express a polynomial function in factored form.

Multiplicity of a Zero

« If a polynomial has a factor x — « that is repeated » times, then x = «a is a zero of
multiplicity n.

 The multiplicity of a zero or root can also be referred to as the order of the zero or root.

* The shape of a graph of a polynomial function close to a zero of x = a (multiplicity 1)
is similar to the shape of the graph of a function with degree equal to n of the form
Yi=ix —a)s

* Polynomial functions change sign at x-intercepts that correspond to odd multiplicity.
The graph crosses over the x-axis at these intercepts.

* Polynomial functions do not change sign at x-intercepts of even multiplicity. The graph
touches, but does not cross, the x-axis at these intercepts.

zero of
multiplicity 2

zero of

multiplicity 1 multiplicity 3

Transformation of Polynomial Functions

To sketch the graph of a polynomial function of the form y = a[b(x - h)]" + k or

y—k = a[b(x - h)]", where n € N, apply the following transformations to the graph

of y=x"

Note: You may apply the transformations represented by ¢ and b in any order before the
transformations represented by / and k.

Parameter Transformation

% * Vertical translation up or down

c )=y th

Horizontal translation left or right

(x,y)— (x+h,p)

Vertical stretch about the x-axis by a factor of |a|
For a < 0, the graph is also reflected in the x-axis
* (%) = (x ap)

h

a
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» For b < 0, the graph is also reflected in the y-axis
X, =,
* (x,y)— ( > y)
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Characteristics of Polynomial Functions, pages 66-77

1. Complete the chart for each polynomial function.

Leading Constant

Polynomial Function Degree Type Coefficient Term

a) flx) = 2x*- x>+ 3x—7

b)y=3x"+2x-x*+3

¢) g(x) = 0.5x3 - 8x? ‘

d) p(x) =10 ‘

2. For each of the following,

determine whether the graph represents on odd-degree or an even-degree polynomial
function

determine whether the leading coefficient of the corresponding function is positive or
negative

state the number of x-intercepts

e state the domain and range





[image: image8.png]3. The distance, d, in metres, travelled by a boat from the moment it leaves shore can be
modelled by the function d(z) = 0.0022 + 0.05¢2 + 0.3¢, where ¢ is the time, in seconds.

a) What is the degree of the function d(¢)?

b) What are the leading coefficient and constant of this function? What does the constant
represent?

¢) Describe the end behaviour of the graph of this function.

d) What are the restrictions on the domain of this function? Explain why you selected
those restrictions.

e) What distance has the boat travelled after 15 s?

f) Make a sketch of what you think the function will look like. Then, graph the function
using technology. How does it compare to your sketch?

3.2 The Remainder Theorem, pages 78-83

4. a) Use long division to divide 5x* - 7x2—x + 6 by x— 1.

P
Express the result in the form 3 (_le = Q0(x) + xl_{ 7k

b) Identify any restrictions on the variable.
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5. Determine the remainder resulting from each division.
a) (X +2x2-3x+9)+(x+3) b) 2} +7x*-x+ 1)+ (x+2)

) (3 +2x2-3x + 5) + (x-3) d) ¢ + Tx2-8x + 3) + (x—4)

6. a) Determine the value of m such that when f(x) = x* —mx? + 7x — 6 is divided by x - 2,
the remainder is —8.

b) Use the value of m from part a) to determine the remainder when f{x) is divided by x + 2.

7. When a polynomial P(x) is divided by x — 2, the quotient is x* + 4x — 7 and the remainder
is —4. What is the polynomial?

3.3 The Factor Theorem, pages 84-90

8. What is the corresponding binomial factor of a polynomial, P(x), given the value of
the zero?

a) P(7)=0 b) P(-6) =0 ¢) P(c)=0

9. Determine whether x + 2 is a factor of each polynomial.
a) X3+ 2x*-x-2 b) x* +2x*—-4x*+ x + 10
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a) x*-5x*+ 3x-27 b) x>+ 6x2+ 2x + 36
11. Factor fully.

a) X}-4x2+x+6 b) 3x3-5x2-26x—-8

¢) 5x* + 12x3 - 101x2 + 48x + 36 d) 2x* + 5x3 - 8x2-20x

12. Rectangular blocks of ice are cut up and used to build the front entrance of an ice castle.
The volume, in cubic feet, of each block is represented by V(x) = 5x3 + 7x2— 8x — 4, where

x is a positive real number. What are the factors that represent possible dimensions, in terms
of x, of the blocks?
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13. For each graph of a polynomial function, determine
* the least possible degree
* the sign of the leading coefficient
* the x-intercepts and their multiplicity
* the intervals where the function is positive and the intervals where it is negative
* the equation for the polynomial function

a)

14. a) Given the function y = x%, list the parameters of the transformed polynomial function

y= —2(%(x - 1))5 + 4 and describe how each parameter transforms the graph of the

function y = x°.

b) Determine the domain and range for the transformed function.

15. Determine the equation with least degree for a cubic function with zeros -2 (multiplicity 2)
and 3 (multiplicity 1), and y-intercept 36.
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Make note of some of the key details and things to remember about the processes you have
learned in this unit. Use your class notes, textbook, or questions from this workbook to help you
choose examples (or create your own). Some information is provided below to help you get started.

Process Example Things to Remember

Analysing graphs of
odd-degree polynomial
functions

Analysing graphs of
even-degree polynomial
functions

Using synthetic division

Applying the remainder
theorem

Using the factor theorem

Factoring using the integral
zero theorem

Determining the multiplicity
of zeros

a: vertical stretch/reflection

b: horizontal stretch/reflection
h: horizontal translation

k: vertical translation

Applying transformations of
functions y = a[b(x - h)]" + k





SOLUTIONS
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b)y = 3x% + 2% Bl
)i.\"‘ +3 5 |Quintic 3 3
Qg(x) =0.5¢-8x*| 3 |Cubic 05 )
d) p(x) = 10 0 |Constant 10

2. a) even degree; negative leading coefficient;
2 x-intercepts; domain: {x | x € R};
range: {y|y =19,y ER}

b) odd degree; positive leading coefficient;
3 x-intercepts; domain: {x|x € R};
range: {y|y € R}
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leading coefficient: 0.002; constant: 0; The constant
represents the distance that the boat is from the
shore at time O s (the initial position of the boat).

degree: 3; positive leading coefficient; extends
from quadrant IIl to I

domain: {t|¢= 0, s € R}; it is impossible to
have negative time

When ¢t = 15, d(15) = 22.5. After 15 s, the boat
1s 22.5 m from the shore.
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10.

Sx}-Txt-x+6
x-1

a)
b) x#1

3

=5x-2x-3 4+ —

x-1

¢) (x—DBx2-2x=-3)+3=5x*-Tx*-x+ 6

a) R=9 b) R=15
¢) R=41 d) R=595
a) m=4 b) 28
Px)=x+2x*-15x+ 10
a) x-7 b) x+6
a) Yes b) No

a) *1, *£3,+9, £27

¢) x—-c¢

b) *1, £2, 3, x4 +6, +9, +12, +18, +36
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12.
13.

a) (x-3)(x-2)(x+1)

b) (x-4)(x +2)(3x+1)

c) (x=3)x-1D(x+ 6)(5x +2)
d) x(x-2)(x +2)2x +5)
x—1,x+2and 5x + 2

a) degree 5; negative leading coefficient;
-3 (multiplicity 2) and 1 (multiplicity 3); the
function changes sign at x = 1, but not at
x = -3; positive forx <-3and -3 < x < I;
negative for x > 1; f{x) = -0.25(x + 3)}(x - 1)’

b) degree 4; positive leading coefficient;
=2 (multiplicity 1), -0.5 (multiplicity 1), and
2 (multiplicity 2); the function changes sign at
x =-2and at x = -0.5, but not at x = 2; positive
for x <-2,-0.5 < x <2, and x > 2; negative for
-2 <x <05 fix) =0.5x + 2)2x + 1)(x—~2)




[image: image17.png]14. a) a = -2; vertical stretch by a factor of 2 and
reflection in the x-axis

3, horizontal stretch by a factor of 3
h = 1; translation of 1 unit to the right
k = 4; translation of 4 units up
b) domain: {x|x € R}; range: {y |y € R}
15. y = =3(x + 2)*(x - 3)




