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Chapter 6 Review – TRIGONOMETRIC IDENTITIES
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6.4 Solving Trigonometric Equations Using Identities
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Solving Trigonometric Equations

Solving a trigonometric equation means to find all the possible angle values that make

the equation true within the given or restricted domain. When the domain is not restricted,
you provide a general solution.

Strategies for Solving Trigonometric Equations

Description Example
Isolate the trigonometric 2sinx =1
ratio, if possible. . 1
sin x = >
Factor and then set each Common factoring:
factor equal to 0. sin x tan x + sinx = 0

sinx(tanx + 1) =0
sin x = 0 or tan x = -1

Difference of squares:
sinfx-1=0
(sinx—=1)(sinx+1)=0
sinx =l orsinx = -1

Trinomial factoring:
2sin*x—sinx—-1=0
2sinx + 1)(sinx—=1)=0
sinx =-0.5orsinx = 1

Simplify the given equation cos2x—2sinx +3=0

or change the given (I-2sinx)—2sinx +3 =0 Replace cos 2x with 1 =2 sin® x.
equation to one common —2sin*x—2sinx +4 =0 Simplify.

ratio (such as sin x or sin?x +sinx-2=0

cos x) by using one or more (sin x + 2)(sinx—1) =0 Factor.

of the following: sinx =-2orsinx =1 Solve.

— reciprocal identities

— quotient identities

— Pythagorean identities
— double-angle identities
Then, solve.

It is important to consider all possible solutions to ensure
that they are not non-permissible values. In this example, the
root x = =2 is rejected because the minimum value for sin x
is—1.

Checking Trigonometric Equations

» The algebraic solution can be verified graphically.
* Check that solutions for an equation do not include non-permissible values from the
original equation.
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6.1 Reciprocal, Quotient, and Pythagorean Identities, pages 188-196

1. Determine the non-permissible values of x, in radians, for each expression.

sec x COS X
a) sin x b) Gscx
sec x
c ———————————————————
) 1 + cos?x

2. Simplify each expression to one of the three primary trigonometric functions: sin x, cos x,
or tan x.

COS X CSC X cot x tan x
a) p) Lrxranx
sec x cot x CSC X

3. Simplify. Then, rewrite each expression as one of the three reciprocal trigonometric
functions: csc x, sec x, or cot x.

COS X
a) cot x sec x b) (1-sin x)(1 + sin x)

4. a) Verify that the equation (sec x + tan x) cos x — 1 = sin x is true for x = 30° and for x = %

b) What are the non-permissible values of the equation in part a) in the domain 0° < x < 360*?
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6.2 Sum, Difference, and Double-Angle Identities, pages 197-204

5. Write each expression as a single trigonometric ratio. Then, give an exact value for the
expression.

a) cos? 15°—sin? 15° b) sin 35° cos 100° + cos 35° sin 100°

¢) 1-2sin275°

6. Determine the exact value of each trigonometric expression.

a) sin (—%) b) cos%
¢) cos 105° d) sin213—;

7. Angle 0 is in quadrant IT and sin 6 = 573 Determine an exact value for each of the following.
a) sin 20 b) cos 20

¢) tan 20
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6.3 Proving Identities, pages 205-214

sin x (cos x— 1)

8. Provesin(m—x)—tan(w + x) = COS X

9. Consider the equation sin® x + tan® x + cos? x = sec? x.
a) Graph each side of the equation. Could the equation be an identity? Explain.
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b) Either prove that the equation is an identity or find a counterexample to show that it is
not an identity.

10. Prove each identity.

a) cos x tan’ x = sin x tan x b) sin 2x = tan x + tan x cos 2x
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6.4 Solving Trigonometric Equations Using Identities, pages 215-223

11. Rewrite each equation in terms of sine or cosine. Then, solve algebraically for 0 = x < 2.
a) 2cos’>x—sinx = -1 b) sin?x =2cos x—2

¢) cosx +cos2x =10

12. Solve each equation algebraically over the domain 0 = x < 2.
a) 2cos’x +3cosx+1=0 b) sinx +3sinx+2=0

¢) sinfx+ S5sinx+6=0 d) cos’x+3cosx+2=0

13. Solve the equation 2 cos? x = 1 — sin x algebraically. Give the general solution expressed
in radians.
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Chapter 6 Skills Organizer

Use the following organizer to summarize what you have learned about trigonometric identities.

Key Identities Strategies for Proving

Trigonometric Identities

Examples Non-Examples
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a) x # %n, where n € 1
b) x # wn, wheren € 1

c) x¢%+1rn,wherenel

a) cos x b) sinx

a) cscx b) secx

a) When substituted, both values satisfy the

equation.

b) x # 90°, 270°

a) cos 30° = g

b) sin 135° = g

¢) cos 150° = —g

2) 2 Z V6 b) V6 I 2

0 \/i; V6 d) —\BI V2
336 527

2) ~&25 b) §25
336

©) =537

Left Side = sin(w - x) - tan(w + x)
lanw + tan x

= §in 7 Cos X — sin -
¢ SIN X COST =T _tan = tan x

= sin x —tan x

. : in . x-1
Right Side = st’c)

_ sin x cos x —sin x
= COS X

_ sinxcosx _sinx
T T cosx Cos X

= sin x —tan x
Left Side = Right Side
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Yes. The graphs appear to be equal.
b) Left Side = sin® x + tan®>x + cos? x
=1+ tan’x
= sec’ x
= Right Side
10. a) Left Side = cos x tan® x

sin’ x
cos’ x

=C0s X

_sin’x
=Tcosx

) sin x
= sin X Ggg ¥

= sin x tan x
= Right Side
b) Right Side = tan x + tan x cos 2x
= tan x(1 + cos 2x)
=tan x(1 + (2 cos® x— 1))

= tan x(2 cos? x)

=2 33;’@ cos? x
= 2 sin x COS X
= §in 2x
= Left Side
11. a) % b) 0
™, W
C) 3’ 1T9 3
2n 4w 3m
12. a) 323 b) >
¢) no solution d =«
13. The general solution is x = 7%' + 2%n,
x=“Tw+ 27n, x =%+ 2wn, where n € 1.

These can be combined as x = -121 + ZT'"n,

where n € 1.
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6.1 Reciprocal, Quotient, and Pythagorean Identities
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A trigonometric identity is a trigonometric equation that is true for a// permissible values of
the variable in the expressions on both sides of the equation.

* Reciprocal Identities

cscx = secx = cotx =

sin x COos X tan x
* Quotient Identities
sin x cos x
tan x = cotx ==
cos x sin x

* Pythagorean Identities
There are three forms of the Pythagorean identity:

— Form 1: Derived from the Pythagorean theorem,
a* + b* = ¢?, and applied to a right triangle in the unit circle
where angle 0 is in standard position. The hypotenuse is 1,
the adjacent side is x = cos 0, and the opposite side is
»y = sin 0. Therefore, cos® § + sin 6 = 1.

Y.
‘ P(cos 6, sin 6)
rd

— Form 2: Divide both sides of form 1 by sin® 6 and apply
the quotient and reciprocal identities.

cos’f , sin’6 _ 1
sinf = sin®6  sin’0
cot?’0 + 1 =csc? 9
— Form 3: Divide both sides of form 1 by cos® 6 and apply the quotient and reciprocal
identities.
cos’ , sin’f _ 1
cos’® ' cos’®  cos’ 6
1 + tan® 6 = sec’ 0

Verification and Use of Trigonometric Identities

* Trigonometric identities can be verified in two ways:
i) numerically, by substituting specific values for the variable
i) graphically, using technology

* Verifying that two sides of an equation are equal for given values, or that they appear equal
when graphed, is not sufficient to conclude that the equation is an identity.

* You can use trigonometric identities to simplify more complicated trigonometric expressions.
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6.2 Sum, Difference, and Double-Angle Identities
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Sum and Difference Identities

The sum and difference identities are used to simplify expressions and to determine exact
trigonometric values of some angles.

o Sum Identities Examples:
sin (A + B) =sin A cos B+ cos Asin B sin (12° + 23°) = sin 12° cos 23° + cos 12° sin 23°

cos (A + B) = cos A cos B—sin Asin B cos(ﬂ'6T t ZI)—cos"gcos";{—-sirl’gsin"‘ir

tan 40° + tan 25°

tan A + tan B
1 — tan 40° tan 25°

tan (A + B) = 1—-tan A tan B

tan (40° + 25°) =

¢ Difference Identities
sin (A — B) = sin A cos B—cos A sin B sin (52° - 33°) = sin 52° cos 33° — cos 52° sin 33°

cos (A —B) = cos A cos B + sin A sin B cos(§—2)=cos§cosz+singsing

tan A —tan B
1 +tan A tan B

tan 70° — tan 35°

tan (A-B) = 1 + tan 70° tan 35°

tan (70°—35°) =

Double-Angle Identities

Double-angle identities are special cases of the sum identities when the two angles are equal.

Examples:
sin 2A = 2 sin A cos A Sin%=2sin%cos%
The double-angle identity for cosine can be
expressed in three different forms:
cos 2A = cos* A —sin’ A cos 140° = cos? 70° - sin* 70°
cos2A =2cos’A -1 cos 140° = 2 cos? 70° - 1
cos2A = 1-2sin* A cos 140° = 1 =2 sin? 70°
2 tan %
_ 2tan A m_ 12
PR ey 1Al [~ T
Special Angles and xact Trigonometr
Degrees Radians
o s 1 3 ne
0 6 2 2 i
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6.3 Proving Identities
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Guidelines for Proving Identities

« To prove that an identity is true for all permissible values, express both sides of the identity
in equivalent forms. One or both sides of the identity must be algebraically manipulated into
an equivalent form to match the other side.

* There is a major difference between solving a trigonometric equation and proving a
trigonometric identity:

— Solving a trigonometric equation determines the value that makes a particular case true.
You perform equivalent operations on both sides of the equation (that is, perform
operations across the = sign) to isolate the variable and solve for the variable.

— Proving an identity shows that the expressions on each side of the equal sign are equivalent
for all values for which the variable is defined. Therefore, you work on each side of the
identity independently, and you do not perform operations across the = sign.

Tips for Proving Identities

« It is easier to simplify a complicated expression than to make a simple expression more
complicated, so start with the more complicated side of the identity.

« Use known identities to make substitutions.

« If a quadratic is present, consider the Pythagorean identity first. It, or one of its alternative
forms, can often be used.

* Rewrite the expression using sine and cosine only.
* Multiply the numerator and the denominator by the conjugate of an expression.

* Factor to simplify expressions.

Verifying Identities

« Identities can be verified using a specific value, but this validates that the identity is true for
that value only.

 Graphing each side of a possible identity may show the identity might be true, but it does
not prove the identity formally.





